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Abstract
We study the global structure of vacua of heterotic strings compactified on orbifolds
T 4/ZN (N = 2, 3) in the presence of heterotic 5-branes. Gauge symmetry breaking associated
with orbifold is described by instantons in the field theory. Phase transition between small
instantons and heterotic 5-branes provides top-down, stringy account to the spectrum and
modular invariance condition. Also it takes us from one vacuum to another by emitting
and absorbing instantons. This means that many vacua with different gauge theory are in
fact connected and are inherited from perturbative vacua. It follows that there are also
transitions among twisted fields, heterotic 5-branes and instantons.
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1 Introduction
Well-known is phase transition of small instantons, by which instantons may shrink to zero size
and become heterotic 5-branes [1–3]. It recently attracted renewed attention in various contexts.
For instance, geometry of F-theory helps us identify non-perturbative states and describe the
phase transitions [4–9]. Such transition is important in understanding six dimensional supercon-
formal field theory (SCFT) which is based on dynamics of M5-branes, dual to these heterotic
5-branes. In particular, the mysterious non-Abelian nature of such SCFT is associated with
the dynamics of M5-branes. It is also tightly associated to the dynamics of non-critical strings,
describing fluctuation of M5-branes, which can be studied by string theory.
In this paper, we use this phase transition to study vacua of heterotic strings, E8 × E8
and SO(32), compactified on toroidal orbifolds T 4/ZN , N = 2, 3 [10–17]. This provides not
only a new top-down way to study vacua of orbifold compactification in the presence of het-
erotic 5-branes, opening more possibility for realistic vacua for the Standard Model, but also to
understand global structure of moduli space.
Instantons on non-compact orbifold R4/ZN , which provides a local geometry at the orbifold
fixed points of T 4/ZN , provides a flat (constant) background connection at infinity [11, 15, 18].
This information is parameterized by so-called shift vector V , which enters as an input in the
string worldsheet CFT. It is an outstanding observation in Ref. [15] that the spectrum in the
presence of heterotic 5-branes can be still be calculated using the same CFT just by modifying
the zero point energy, proportional to the number of heterotic 5-branes. However there have been
bottom-up approaches, in which quantitative factors are empirically determined and anomaly
cancellation was used for consistency condition. In this paper we seek top-down approach,
enabling justification on the calculation formulae and systematic classification of vacua.
In the heterotic orbifold theories, the worldsheet CFT is exactly solvable [10] so that we can
track the change of spectrum. This solvability includes the spectrum in twisted sectors in which
the fields are localized at the orbifold fixed points, which is singular and cannot be accessed by
field theory. In stringy calculation shift vector V determines the twisted field spectrum thus
we may hope that the above decomposition is possible and we can explain the non-perturbative
vacua in terms of perturbative ones. Roughly speaking, using transition from perturbative
orbifold vacua to non-perturvative ones, we can extract the information about small instantons
from shift vectors by decomposing it, V = V1 + V2 into still broken part V1 and instanton part
V2. The non-perturbative model is described by the new shift vector V1.
An interesting consequence is that many vacua, which are regarded as disconnected described
by different shift vector or instanton data, are connected by chains of phase transitions. It enables
us to move from one vacuum to another. It also follows that orbifold fixed points also behave
like branes and we also have transition among these three objects. Whether given string vacua
are connected is an important problem. On one hand, to what extent the Standard Model is
unique or preferred. We can seek a mechanism for dynamical selection of vacua.
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1.1 Global consistency condition
To obtain realistic vacua, we break the symmetry, especially gauge symmetry, of heterotic string
by associating it with the symmetry of internal space. In orbifold compactification, this infor-
mation will be parameterized by a shift vector and we obtain spectrum by its projection that
we review shortly.
The low energy limit of heterotic string is described by supergravity and the supersymmetry
preserving solution is the semi-stable instantons [20]. The gauge symmetry is broken by this
instanton background: If the structure group of the instantons is G, then that unbroken group is
the commutant H of G in the mother group of heterotic string, E8×E8 or Spin (32)/Z2 (which
we usually call SO(32) for convenience). What the shift vector describes should be related to
this instanton background. It is also subject to the following global consistency condition.
The global consistency condition for the smooth K3 manifold is given by the Bianchi identity
for the heterotic rank two antisymmetric B-field
dH = d2B +
1
8π2
trR2 −
1
8π2
TrF 2 = 0. (1)
Here Tr is the trace over adjoint representation of the gauge group, normalized by the corre-
sponding dual Coxeter number. Also R and F are curvature two forms for the Lorentz and
gauge connections, respectively, and the power is short for the wedge product, e.g. Fn ≡ ∧nF .
If we take a background such that d2B = 0, the last term in (1) under the instanton
background TrF
2
/(8π2) is, integrated over a compact manifold, integrally quantized instanton
number k. The orbifold geometry fixes the second term to be trR
2
/(8π2) and is integrated to
give 24, the Euler number of the K3, so that
24− k = 0. (2)
For E8 × E8 heterotic string, the contribution on the gauge field can be decomposed into that
of each E8 and give k = k1 + k2, with obvious notations.
We can regard a K3 as a blown-up T 4/ZN orbifold, whose details we will study in Section
2.4. In the orbifold limit, there appear localized fields at the orbifold fixed points. We will also
see that the instanton number in (1) can be decomposed into the bulk contribution FU and
fixed point contribution FT. The total sum should be preserved so that
1
8π2
trR
2
−
1
8π2
TrF
2
U −
1
8π2
TrF
2
T = 0. (3)
Integrating over the entire T 4/ZN , the relation (3) is translated into the relations among numbers
24− kU − kT = 0. (4)
The second and the third terms in (3) can be multiples of a fractional number, since the spectrum
is (equally if there is no Wilson lines) distributed to a number of fixed points. For instance, in
3
T 4/Z2 orbifold, Euler number
3
2 is equally distributed on the sixteen fixed points [19]. In fact
the untwisted sector contribution is localized at the fixed points as well, in the orbifold limit.
Now we introduce a heterotic 5-brane. It provides magnetic source to B-field. Supposing
that they fill in the six dimensional uncompact space and look point-like in the internal space,
so they satisfy the equation of motion
dH =
∑
a
δ(4)(x− xa), (5)
which is Bianchi identity (1) modified to [9, 21,22]
1
8π2
trR
2
−
n∑
a=1
δ(4)(x− xa)−
1
8π2
TrF
2
= 0, (6)
where a = 1, . . . , n labels different heterotic 5-branes. Integrating this over the entire orbifold,
we obtain a consistency condition [9, 21]
24− n− k = 0. (7)
We will explain the small instanton phenomena shortly, which can explain transfer between two
numbers n and k. In this paper we make extensive use of this to study the global structure of
orbifold vacua.
Also we will consider more general combination of (4) and (7). For this it would be suggestive
to rewrite the Bianchi identity as
d2B =
n∑
a=1
δ(4)(x− xa) +
1
8π2
TrF 2U +
1
8π2
TrF 2T −
1
8π2
trR2, (8)
where we now kept the fluctuation of B-field. There are some notable things. The first three
terms on the right-hand side have the same sign. It is discussed above that the first two terms
can be transferred, preserving the total sum, but modifying individual kU and n. Once we have
the third term, the natural question is whether there can be more general transition among
twisted fields, instantons and heterotic 5-branes as well. Another observation is that not only
the first term, as in (5), provides the magnetic source to the B-field, but the rest of the terms
provide also the same kind of sources. If they become delta functions by ‘shrinking’ in the sense
that we will review next, they can be regarded exactly the same object as the heterotic 5-branes.
1.2 Small instantons
An instanton, which we need for the reason discussed above, has continuous size. It may shrink
to zero size becoming ‘small instanton.’ Although the resulting profile becomes singular, the
broken group, identical to structure group G, is restored [1,4]. Small instantons are codimension
four and undergo phase transition into heterotic 5-branes [23]. The behavior is slightly different
in two heterotic string theories.
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In the SO(32) heterotic string, there emerges extra gauge group Sp(1) ≃ SU(2) for each small
instanton. We have also a hypermultiplet transforming as a bifundamental under H × SU(2);
the multiplicity is 12 due to half representation. This can be easily understood in type I dual,
in which the spacetime of the SO(32) theory and heterotic 5-branes are respectively mapped
to D9/O9 and D5 branes. Each heterotic 5-brane gives rise to Sp(1) gauge group due to the
projection from O9 and when n heterotic 5-branes become all coincident it is enhanced to Sp(n).
At the intersection between D9/O9 and D5, we have the bifundamental representation under
SO(32) × Sp(n) group or its subgroup, from an open string connecting between them. Six
dimensional gauge anomaly is nontrivial and it provides an important clue in understanding its
non-perturbative structure.
In the E8 × E8 string, there is no additional gauge group from the 5-branes, but there is
another interesting new effect. We can go to strong coupling limit to have M-theory with a
new dimension [4, 24]. Two E8’s are separately localized at the end of the interval, which are
interpreted as another 9-branes. There can be a tensor branch in which such heterotic 5-branes
are pulled out into the bulk and become M5-branes [3].
In what follows, we will apply this phenomenon to strings on toroidal orbifold T 4/ZN , formed
by a discrete rotational element of ZN ⊂ SU(2) holonomy on the torus. They can be regarded as
a singular limit of the K3 manifold. In the smooth limit, instantons are spread over the internal
manifold, as vector bundles. When we have orbifold limit, embedded instantons are localized
at the fixed points. Their data are usually described by a shift vector V , is also explained
by instantons [17, 18, 25, 26], in which references the transition between smooth and singular
manifold is described. In this limit the structure group is the Cartan subalgebra corresponding
to non-vanishing components of V .
In the previous works, emphases have been made on the effect of heterotic 5-branes or
instantons separately and the phase transition was not applied. In this paper we apply the
phase transition idea to understand the connection between them. When there is a phase
transition making small instantons into heterotic 5-branes we can track the change in the shift
vector. This provides a top-down approach to understand the effect of non-perturbative effect.
2 Orbifold vacua
First we review perturbative orbifold vacua. The stringy spectrum is obtained by CFT with
orbifold projection guided by modular invariance. However we can gain physical understanding
on what is happening in terms of instantons.
2.1 Perturbative spectrum
We compactify heterotic string on toroidal orbifold T 4/ZN to yield six non-compact dimensions.
We are particularly interested in prime cases N = 2, 3. With the complexified coordinates
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z1 = x6 + e2πi/3x7, z2 = x8 + e2πi/3x9 in the torus, the order N twist acts as
(z1, z2)→ (e2πiφ1z1, e2πiφ2z2), φ =
(
1
N
,−
1
N
)
. (9)
This preserves half of the supersymmetry.
The current algebra is described by the weight vector P . We associate this rotation with a
shift of the weight vector P → P +V , where V is the order N shift vector [10]. Both P and NV
belong to sixteen dimensional even and self-dual lattice Γ16 or Γ8 × Γ8 depending on the gauge
theory SO(32) or E8 × E8 [27]. Then we have unbroken gauge group and spectrum which are
invariant under the orbifold projection.
The untwisted sector spectrum is obtained by
gauge bosons: P · V ≡ 0 mod 1, (10)
untwisted matter: P · V ≡
ℓ
N
mod 1, ℓ = 1, . . .
⌊
N
2
⌋
. (11)
With appropriate combinations from the right-movers we can make orbifold invariant state.
In particular, the right mover has the phase φ1 = ±
1
N from the shift, thus the states with
P · V ≡ ± 1N modulo an integer can survive. This will be important property of six dimensional
toroidal orbifold models.
2.2 Perturbative modular invariance
We require modular invariance of string partition function to divergence free, worldsheet reparametriza-
tion invariant theory. It is generated by so-called S and T generators of SL(2,Z) transformation
of modular parameter [10]. Here we consider the invariance condition in the absence of heterotic
5-branes first.
Modular invariance under S requires the existence of twisted strings, which are closed string
up to orbifold action. Later we also see that twisted strings share many properties as open
strings, whose ending hypersurface is interpreted as branes. We have ⌊N/2⌋ twisted sectors. In
the j-th twisted sector the mass shell condition for the string left mover is
L˜0 = 0 : α
′m2L =
(P + jV )2
2
+ N˜(j) + E
(j)
0 (12)
with the string tension α′ and the oscillator number N˜(j), which is shifted, in the jth twisted
sector. This comes from the constraint of Virasoro generator L˜0 = 0. It also includes the
untwisted sector as j = 0. The zero-point energy is given as
E
(j)
0 = −1 +
1
2
2∑
a=1
φ(j)a
(
1− φ(j)a
)
. (13)
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Here, by φ
(j)
a we subtract an appropriate integer from jφa to let it lie in the interval [0, 1). Also
with the right movers, satisfying
L0 = 0 : α
′m2R =
(s+ jφ)2
2
+ N(j) + E
(j)
0 +
1
2
, (14)
with a spacetime SO(8) weight vector s, we have localized fields at the fixed points. Here again
L0 is the Virasoro generator. With the right-mover, the whole state is subject to generalized
GSO projection,
e2πi
(
N˜−N+(P+V )·V−(s+φ)·φ− 1
2
(V 2−φ2)
)
(15)
by requiring this phase to be one [27–29].
Invariance under T comes from the level matching condition [10]
L˜0 = L0. (16)
Consider the twisted sector. The condition (16) needs the following necessary condition
(P + V )2
2
+ N˜−
(s+ φ)2
2
−N−
1
2
= 0 mod 1. (17)
In general there is no solution for the weight vector P, s for a given V, φ, because most of the
terms proportional to 1N cannot cancel the terms
1
2 (V
2−φ2) proportional to 12N2 . It is necessary
to require the former to be also proportional. This is so-called the modular invariance condition
V 2
2
−
φ2
2
≡ 0 mod
1
N
. (18)
And the resulting vacua are sufficiently anomaly free [36]. The GSO phase is trivial when the
massless condition is satisfied for modular invariant perturbative models.
2.3 Classification of perturbative vacua
In the orbifold embedding, the broken gauge group is parameterized by a shift vector. First
consider SO(32) heterotic string. The shift vector of a type1
V =
1
N
(
0n0 1n1 . . . (N − 1)nN−1
)
(19)
with
N−1∑
j=0
nj = 16 (20)
is called vectorial. This vector yields unbroken gauge group
Z2 : SO(2n0)× SO(2n1) (21)
Z3 : SO(2n0)× SU(n1 + n2)× U(1), (22)
1In our notation, the superscript in the shift vector denote the repeated entries.
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according to (10). Note that the untwisted and twisted spectrum is the same if we use an
equivalent shift vector under Weyl reflection accompanied by lattice translations. The gauge
symmetry (22) can be partially explained by successive applications: if n0 > 0,
1
3(0
n0 1n1 2n2) ∼
1
3(0
n0 1n1 2n2−2 − 2 − 2) ∼ 13(0
n0 1n1+2 2n2−2). In the Z2 case there is a gauge symmetry
enhancement due to self-conjugate, giving (21).
There is another set of shift vectors, where NV is a spinorial representation of Γ16. Up to
Weyl reflection and lattice translation, it can be generally expressed as
V =
1
N
(
1
2
m1 3
2
m2
. . .
2N − 1
2
mN
)
, (23)
with
N∑
j=1
mj = 16. (24)
In the special case of Z3 orbifold it can be always brought to vectorial shift by Weyl reflections
accompanied by a lattice shift by (12
16
). There is no independent spinorial shift vector. In the
Z2 orbifold however the spinorial shift vector cannot be reduced; it always gives the unbroken
gauge group
Z2 : U(16).
For the E8×E8 case, we form sixteen component vector by direct sum of two Γ8 shift vector
either vectorial or spinorial. In the Z2 and Z3 cases, the same argument as above tells us that
the only vectorial shift vector combinations are sufficient
V =
1
N
(0n0 1n1 . . . (N − 1)nN−1)(0n
′
0 1n
′
1 . . . (N − 1)n
′
N−1) (25)
with
N−1∑
i=1
ni =
N−1∑
i=1
n′i = 8. (26)
It is because up to Weyl reflections, we have three inequivalent groups in the Z2 case
1
2
(08) : E8,
1
2
(12 06) : E7 × SU(2), (27)
1
2
(14 04) : SO(16),
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and five in the Z3 case
1
3
(08) : E8,
1
3
(12 06) : E7 × U(1),
1
3
(2 07) : SO(14) × U(1), (28)
1
3
(2 12 05) : E6 × SU(3),
1
3
(2 14 03) : SU(9).
Considering modular invariance condition the possibility reduces further. For SO(32) string
with N = 3, the condition becomes
n1 + 4n2 ≡ 2 mod 6. (29)
Without further symmetry breaking, e.g. by Wilson line, we have only five inequivalent modular
invariant shift vectors for SO(32) [27], as listed in Table 1 for which we have n = 0. For E8×E8
string we have a similar condition,
n1 + 4n2 + n
′
1 + 4n
′
2 ≡ 2 mod 6, (30)
yielding also five combinations listed in Table 2 with n = 0. The shift vector for inequivalent,
perturbative vacua are classified [17, 30–32]. Thus the forms of the shift vectors (22) and (25)
are sufficiently general in the Z3 case. We can do similar classification, yielding the spectrum in
Table 3 and Table 4.
2.4 Instantons on R4/ZN orbifold
The effect described by orbifold projection is captured by instanton background in the field the-
ory limit [15,18]. The gauge group from heterotic string is broken by this instanton background.
Each fixed point of T 4/ZN orbifold is locally described by R
4/ZN and is regarded as singular
limit of the AN−1 ALE space [19,25], which we discuss first. In the field theory limit, the following
constant background cannot be gauged away due to orbifolding
A = E
16∑
I=1
VIHI . (31)
Here E is the exceptional divisor from the blown-up singularity, satisfying self-intersection rela-
tion E ·E = −N . The shift vector V (19) has eigenvalues of the generator of the SO(32) group
or SO(16) × SO(16) maximal torus subgroup of E8 × E8 carried by heterotic string [18]. They
are generated by Cartan subalgebra elements HI ’s.
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In the orbifold limit, the unbroken group is enhanced to the group (22) of rank sixteen [17,25],
but the total instanton number should be preserved. Inside V in (19) we have ni eigenvalue for
each i/N [11, 18]2
kZN =
1
8π2
∫
TrF 2 (32)
=
N
2
N−1∑
i=0
i
N
(
1−
i
N
)
ni +KN , (33)
=
N
2
16∑
I=1
VI(1− VI) +KN , (34)
where and in what follows the integration is done over the AN−1 ALE space. Here the first
term in (33) is the usual second Chern class from the flat connection from the infinity. Roughly
speaking, in F 2 we have VI contribution on one F and 1− VI contribution on the other F from
the structure of the generator HI [11,25]. We may interpret that KN in (33) is the index of the
localized fields at the tip of the ALE space. It can be an arbitrary number in the field theory,
but the CFT of the global T 4/ZN orbifold below completely determines it.
Now we wish to collect all the above local contributions to that the compact T 4/ZN orbifold.
To this end, we should know the multiplicity of fixed points of possible orders ofN . It is contained
in the weights dN are the number of ZN invariant fixed points, determined by global structure
of T 4/ZN by relating Euler numbers of fixed points
24 = χ(T 4/ZN ) = dNχ(R
4/ZN ), N = 2, 3, χ(R
4/Zℓ) =
ℓ2 − 1
ℓ
. (35)
Therefore we have the total instanton numbers
kU =
1
8π2
∫
TrF 2U = dN
N
2
16∑
I=1
V
(j)
I (1− V
(j)
I ), (36)
kT =
1
8π2
∫
TrF 2T = dNKN , (37)
which are valid for N = 2, 3. Here again V
(j)
I is jVI subtracted by an appropriate lattice vector
to lie it in the interval [0, 1]. In the presence of Wilson lines, the degeneracy from dN disappears
and we have independent contribution from local shift vectors at each fixed point.
For a ZN shift vector of SO(32) in (19), we have contributions at each fixed point
Z2 : kZ2 = K2 + 2 ·
1
2
·
1
2
·
1
2
· n1,
Z3 : kZ3 = K3 + 3 ·
1
2
·
1
3
·
2
3
· (n1 + n2).
(38)
2We use a different convention wm = 2nm than that in the reference.
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In the absence of Wilson lines, all the fixed points are equal, thus in the bulk we have
Z2 : k = 16K2 + 4n1,
Z3 : k = 9K3 + 3n1 + 3n2.
(39)
Note that the instanton number is a gauge invariant quantity, as it should be. Either components
1
3 or
2
3 both describes SU(n).
For E8 × E8 string, the shift vector plays the same role: each component parameterizes the
rotation in the Cartan subalgebra direction. Thus with the shift vector (25), we may use the
same formula (34) for each E8
Z2 : kZ2 = K2 +
1
4
n1,
Z3 : kZ3 = K3 +
1
3
(n1 + n2),
(40)
where we count only the states charged under the first E8. In the untwisted sector, usually a
field is charged under one E8. In the twisted sector, if a field is charged under the both, the
representation becomes multiplicity. We have essentially the same counting for the second E8.
To sum up, we have
k = k1 + k2,
Z2 : k1 = 16K2 + 4n1, k2 = 16K
′
2 + 4n
′
1
Z3 : k1 = 9K3 + 3n1 + 3n2, k2 = 9K
′
3 + 3n
′
1 + 3n
′
2.
(41)
This establishes the relationship between the modular invariance condition (18) and Bianchi
identity (1). We note that, although the condition (18) has similarity with the Bianchi identity
(1), their contents are different. The shift vector and twist vector contain information of breaking
of gauge symmetry and Lorentz symmetry, respectively, whereas the Bianchi identity contains
the information about the spectrum. They are naturally related because the shift/twist vectors
completely determine the spectrum.
2.5 Chirality of localized fields
In the smooth compactification, all the 24 small instantons reside in the bulk geometry of internal
manifold. However in the toroidal orbifold, we have twisted fields localized at the fixed points
and they carry instanton number kT in (37) as well.
There exists no index theorem that automatically gives the spectrum in the twisted sector,
yielding kT, because field theory cannot take into account the stringy nature of the twisted
strings. We should calculate the twisted fields from CFT formulae (12) and (14).
Interestingly, for the SO(32) string, anomaly consideration of SO(2n0) gauge group is suffi-
cient to fix the instanton number kT for the twisted strings.
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In the twisted sector, the contribution from twisted fields to the instanton number kT depends
on the type R of localized fields. Essentially it is determined by the twisted sector spectrum.
Let R be representations of SO(2n0). Then the anomaly is related to the coefficient xR in
trRF
4 = xRtrvF
4 + yR(trvF
2)2,
where trv is over the vectorial representation of SO(2n0). To sum up, in the perturbative model
we have
kT =
∑
R for twisted fields
xR. (42)
This cancels six dimensional SO(2n0) gauge anomaly, with the chiral matter (n1+nN−1,2n0)
under SU(n1 + nN−1, 2n0) (or (2n1,2n0) of SO(2n1, 2n0) for Z2)
(2n0 − 8)− n1 − nN−1 − kT = 0, (43)
as long as the total instanton numbers should satisfy the condition (4)
k = kU + kT = 24.
It is because we can show the following using (20) and (39)
kT = 24− kU
= −8 + 32− 2
N−1∑
i=1
ni − n1 − nN−1
= −8 + 2n0 − n1 − nN−1.
(44)
This proves the relation (43). The reason is that the total instanton number is related to the
unbroken gauge group. Here the only unbroken part is SO(2n0).
In understanding the consistent vacua, the SO(2n0) anomaly plays an important role. In six
dimension, the chirality of gaugino in the vector multiplet is always opposite to the fermions in
the hypermultiplets, so that the matter contents are constrained by anomalies. Six dimensional
gauge anomalies can be cancelled, up to Green–Schwarz mechanism, if the anomaly polynomial
has vanishing trF 4 term [18]. From the contributions of gaugino
TrF 4SO(2n) = (2n − 8)trvF
4
SO(2n) + 6(trF
2
SO(2n))
2, (45)
TrF 4SU(n) = 2ntrF
4
SU(n) + 6(trF
2
SU(n))
2, (46)
we see thaat we need (2n − 8) vectors and 2n fundamentals, respectively, to cancel SO(n) and
SU(n) anomalies. Other representations may contribute, as we have summarized the decompo-
sition in the Appendix.
The instanton number is different from other anomaly coefficients, for example of SU(n)-
type subgroups, or exceptional subgroups of E8, or even SO(n1) of the Z2 orbifold. However
there is instanton number contribution for kT from matter states.
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E8 × E8 heterotic string vacua have a number of distinct features. There is no relation
between anomaly and instanton numbers. Technically the zero entries of the shift vector do not
yield SO(n0) but different groups listed in (27) and (28). Here the instanton contribution comes
from vectorial component of the representation under the branching in the maximal SO(n0)
group. For instance, 27 of E6 contributes 1 and 56 of E7 contributes 2 to the instanton number
kT. We have no gauge symmetry enhancement from heterotic 5-branes, and any En subgroups
are anomaly free, thus the anomaly freeness is less restrictive.
3 Non-perturbative vacua and their transitions
Now we introduce heterotic 5-branes. As alluded in the introduction, there is phase transition
between small instantons and 5-branes, so that different vacua can exchange instantons. It turns
out that many seemingly unconnected vacua are actually connected. Since the effect of small
instantons is parameterized by the shift vector, we can trace information from the difference of
the shift vectors of vacua and we can understand how they are connected by instanton exchange.
From this we can prove many relations among the zero point energy, the number of 5-branes
and difference of the shift vectors.
3.1 Small instantons into heterotic 5-branes
The information about instanton embedding is encoded in the shift vector V . Some of instantons
can be emitted into bulk to become heterotic 5-branes, recovering larger unbroken group. The
resulting unbroken group should be also described by another shift vector that we shall call V1.
Decomposing
V = V1 + V2, (47)
the emitted instanton components are described by V2, which describes also the recovered part.
We first study the mass shell condition. Consider the twisted sector of a perturbative, modular
invariant theory parameterized by V . Expanding the mass shell condition (12), we have
1
2
α′m2L =
(P + V1)
2
2
+ N˜ + P · V2 + V1 · V2 +
1
2
V 22 + E0
=
(P + V1)
2
2
+ N˜ + E0 +∆E0.
(48)
We may regard this formula as the mass shell condition for the twisted sector for a daughter
vacuum with V1, with instantons emitted. Then the extra piece from the expanding V can be
regarded as modification in the zero-point energy
∆E0 ≡ V1 · V2 +
1
2
V 22 . (49)
A part of instantons described by the shift vector V2 ‘condensates’ in the CFT description. This
justifies the shift of the zero point energy in Ref. [15]. We assumed P · V2 = 0 because we want
∆E0 is a constant in the new, daughter vacuum, not depending on P .
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The spectrum can still be calculated using the same CFT in the presence of 5-branes, using
the same formula as that of the perturbative case [15]
m2L = 0.
This is possible because we have inherited the vacuum from a perturbative vacuum. Since the
inclusion of heterotic 5-branes does not affect the internal geometry of orbifold, we have no
change in the spacetime part, including that of the right mover.
We can also have modified, generalized GSO projector (15) in the presence of heterotic
5-branes. Since the terms involving V is modified as
(P + V ) · V −
1
2
V 2 = (P + V1)
2 −
1
2
V 21 +
1
2
V 22 + V1 · V2
= (P + V1)
2 −
1
2
V 21 +∆E0,
(50)
where again P · V2 = 0 is assumed. Therefore, we have modified, generalized GSO projector for
a non-perturbative shift vector V taking into account heterotic 5-branes
e2πi
(
N˜−N+(P+V )·V−(s+φ)·φ− 1
2
(V 2−φ2)+∆E0
)
. (51)
The extra phase is simply expressed by ∆E0. The 5-branes can only affect the CFT on the fixed
point only quantitatively. Note that the combination (49) is invariant under Weyl reflection.
Indeed it is reflection that obviously preserves the inner product.
3.2 Modified modular invariance condition
The change of mass shell condition affects the modular invariance. As in the perturbative case,
we may consider level matching condition with the modified mass shell condition (48), now with
a correction to the zero-point energy, that might take into account non-perturbative effects
(P + V )2
2
+ N˜ + ∆E0 −
(s+ φ)2
2
−N+
1
2
= 0 mod 1. (52)
Since each term is proportional to 1/N , we expect their cancellation gives an integer sum, expect
the V 2 and φ2 terms. Thus we require the modified modular invariance condition
V 2
2
+ ∆E0 −
φ2
2
≡ 0 mod
1
N
. (53)
In the perturbative case we have ∆E0 = 0 giving the previous condition (18), but this fails in
this case. Instead we require the form (53).
A shift vector V that fails to satisfy perturbative modular invariance condition (18) can
nevertheless describe a consistent non-perturbative vacuum [15]. In the SO(32) heterotic string
theory, a failure of anomaly cancellation can be remedied by extra chiral fields coming from the
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heterotic 5-branes. In the E8 × E8 heterotic string, most vacua are anomaly free even without
perturbative modular invariance.
We obtained the modular invariance condition (53) as a necessary condition. In the per-
turbative case that condition (18) also turns out to be sufficient condition. Unfortunately, this
is not the case for the non-perturbative case. Even though we had shift vectors satisfying the
condition we sometimes have anomalous vacua. We will come to a further selection rule and
counterexample in Section 3.7.
The modular invariance condition has preferred basis, so not every Weyl equivalent shift
vector satisfies the same modular invariance condition. The modular invariance condition (29)
is not symmetric under the exchange n1 and n2, although the unbroken group (22) is. It is
rather a condition about the absolute size of the shift vector. The twisted sector mass shell
condition (12) depends on it.
3.3 Example
Through this section, we consider an exemplar transition
• from the perturbative vacua of G = U(8) × SO(16) with the shift vector V = 13(1
8 08) in
Table 1.
• to the non-perturbative vacua G1 = U(2) × SO(28) with the shift vectot V1 =
1
3(1
2 014)
in Table 1.
The shift vector V of G is decomposed into V1 of G1 and an extra V2 as
V = V1 + V2 =
1
3
(12 014) +
1
3
(02 16 08). (54)
Upon phase transition the small instanton components described by V2 is going to become
heterotic 5-branes. Therefore we are left with the remaining component V1, describing a non-
perturbative vacua with the gauge group G1.
The unbroken gauge group is U(2) × SO(28), with untwisted matter (2,28) + 3(1,1), due
to instantons embedded in the structure group Z3 ⊂ U(1)× SU(2). It is described by the shift
vector V1, which is eventually related to the instanton number kU = 3n1 = 6.
In the twisted sector, on top of the usual zero-point energy
E0 = −1 + 2 ·
1
2
·
1
3
·
(
1−
1
3
)
= −
7
9
, (55)
there is modification as in (49),
∆E0 = 0 +
1
2
(
1
3
(16 010)
)2
=
18
54
. (56)
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Plugging these into the mass shell condition (48), we find the spectrum shown in Table 1. There
is no charged representation. Since there is no SO(28) vector or spinor, thus no instanton
contribution comes from the twisted sector kT = 0.
As a result, the 18 instantons described by V2 is completely converted to as many n = 18
heterotic 5-branes by phase transition, so that the total number is conserved to be 24 as in (7).
The biggest gauge group Sp(18) is generated if all the heterotic 5-branes become coincident.
Besides the vector multiplets of both groups SO(28) and Sp(18), we have hypermultiplets in
(2,1;36) and 12(1,28;36). With the total 20 vectors, we can check that gauge anomalies of
SO(28) cancel from (45).
In the above example, V1 ·V2 = 0 happened, which can be relaxed in the following. There can
be a transition between the perturbative U(5)×SO(22) model to non-perturbative U(4)×SO(24)
model via
V =
1
3
(2 14 011) = V1 + V2
V1 =
1
3
(1 1 1 1 0 011)
V2 =
1
3
(1 0 0 0 1 011).
(57)
This gives the modification of zero-point energy ∆E0 = V1 · V2 +
1
2V
2
2 =
2
9 . This also lead us to
anomaly-free vacuum. Alternatively, we can take another combination
V ′1 =
1
3
(0 14 011)
V ′2 =
1
3
(2 015).
(58)
Remarkably the zero-point energy is corrected in the same amount ∆E0 = V
′
1 ·V
′
2+
1
2V
′2
2 =
2
9 . The
two models have the same spectrum. As long as V1 and V
′
1 are related by Weyl transformation,
we should always have the same ∆E0.
3.4 Change of spectrum and anomaly flow
Let us analyze the spectrum change during the phase transition. First we see that the vector
representations (in the hypermultiplets) in the untwisted sector of G1 can be explained simply
by branching from those of G. We may consider common subgroup
H ≡ U(2) × U(6) × SO(16)
which is a subgroup of both G and G1. From the branching G→ H, we see
(8,16)→ (2,1,16) + (1,6,16), (59)
(28,1)→ (1,15,1) + (2,6,1) + (1,1,1). (60)
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From here we can see that SO(16) vector can only come from the multiplet (8,16) that is
present in the untwisted sector. We expect from the gauge symmetry enhancement H → G1 =
U(2)× SO(28), we have recombination
(2,28)← (2,6,1) + (2,6,1) + (2,1,16), (61)
(1,378)← (1,36,1) + (1,1,120) + (1,15,1) + (1,15,1)
+ (1,6,16) + (1,6,16). (62)
Following the recombination, the eight 16 of SO(16) underwent the recombination into two
28 of SO(28). Out of 24 small instantons, 18 of them come out into the bulk. Therefore the
chirality is simply branching and recombination of vector fields in the untwisted sector. In
particular only heterotic 5-brane can give rise to the vector of SO(28).
We can also keep track of anomaly flow during phase transition. We have derived the
instanton number (39) from the field strength. Here, we can understand the multiplicative
factors 3 in front of n1 and n2 in another way by looking at the spectrum change.
The emitted instantons are described by a part of the shift vector ∆V = 13(0
p 1q 0r) where
p + q + r = 16 (In the above case, we have p = 2, q = 6, r = 8). Since U(p + q) became U(p),
the number of vectors reduces by q and thus the number of necessary heterotic 5-branes for the
anomaly cancellation of SO-type group increase by 2q. Thus the decreased small instanton is
3q, which should explain the coefficients 3 in (39). Due to even root property of weight vector,
q should be multiple of 2 thus the number of extracted instantons should be always a multiple
of 6.
The same argument is possible for the transition from SO(2n + 4) × SO(2m) → SO(2n) ×
SO(2m+ 4) in the Z2 orbifold. The emitted instantons are described by ∆V = (
1
2
1
2 0
14) up to
permutation. The number of vector reduces by 4 but the necessary instantons increase by 4.
3.5 Dual and inverse transitions
The above phase transition always has a dual process. From the decomposition V = V1 + V2, if
we take a daughter model using the shift vector V2, the emitted instanton data is contained in
V2, thus the zero-point energy is
∆dualE0 = V2 · V1 +
1
2
V1 · V1. (63)
For this dual transition, let us come to the example with (54). Exchanging the role of V1
and V2, we can view the transition as that of U(8)×SO(16)→ U(6)×SO(20) ≡ G2 vacua. Six
small instantons now described by V1 may undergo transition into the same number of heterotic
5-branes. Accordingly, another recombination takes place
(6,20)← (1,6,16) + (2,6,1) + (2,6,1), (64)
(15,1)← (1,15,1) (65)
(1,190)← (4,1,1) + (1,1,120) + (2,1,16) + (2,1,16) + 2(1,1,1). (66)
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Again, we verify that the modified zero-point energy (63)
∆E0 = V2 · V1 +
1
2
(V1)
2 =
1
9
=
6
54
. (67)
This verifies also the transition of small instantons into n = 12 heterotic 5-branes. It should be
noted that, however, for one transition V1 yielding the same vacua, there can be many different
dual vacua, as in the examples (57) and (58).
Reverse process, from a daughter theory with V1 above to the mother theory with V , is also
possible. If we express
V1 = V − V2 (68)
then we can change the shift vectors of the mother and the daughter theories
∆revE0 = −V · V2 +
1
2
V 22
= −V1 · V2 −
1
2
V 22
= −∆E0.
(69)
Thus the process should be reversible.
3.6 The combination: Twisted states to heterotic 5-branes
For perturbative models we always have the relation k = kU + kT = 24 as in (4). If we take
heterotic 5-branes into account, this condition is relaxed to k + n = 24 as in (7). The phase
transition takes place changing these number but preserving the sum ∆k +∆n = 0.
Here we consider another transition between twisted field and 5-branes
∆kT +∆n = 0, kU + kT + n = 24. (70)
Since we have no control over the twisted sector fields via field theory, we cannot prove the direct
transition giving (70). However, noting the kU is completely determined by the shift vector, we
can indirectly use the following chain of transitions; If a shift vector at hand V can be embedded
into another perturbative shift vector V ′ as
V ′ = V + V2, (71)
then we can apply the transition between small instantons (encoded in V2) and 5-branes, having
a different twisted sector.
Such example can be found in Table 1. The non-perturbative vacuum we have obtained from
the transition in Section 3.3 has the shift vector
V =
1
3
(12 014).
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However there is also a perturbative vacuum with the same shift vector satisfying modular
invariance condition (18). The entire untwisted sector is the same in both cases, because we use
the identical conditions for mass and projection. The gauge group is U(2) × SO(28) and the
instanton number kU = 3n1 = 6 are the same.
The modification to zero-point energy affects the twisted field spectrum. The kT essentially
counts the number vector multiplets 28 or equivalent in the twisted sector. We have SU(2)
doublet in each of nine fixed points. Without Wilson line we do not distinguish among them.
Therefore in the perturbative vacuum, we remove 2×9 = 18 vectors from the twisted sector. This
should give rise to the same number of vectors from heterotic 5-branes in the non-perturbative
model, satisfying (70).
In all the above processes, the total number (7) is always preserved
kU + kT + n = 24. (72)
This is the result of the combination of all the processes: We have transition among small
instantons, twisted states at orbifold fixed points, heterotic 5-branes as in the Figure 1.
(small instantons)
(twisted fields) (heterotic 5-branes)
Figure 1: There are phase transitions among small instantons, heterotic 5-branes and twisted
fields.
The transition between fixed states and 5-branes happens in general: if we have a transition
between small instantons, changing kU, to heterotic 5-branes, there is also change in the twisted
sector spectrum in general, changing kT. It is because the twisted spectrum is changed since
the mass shell condition is changed as in (48).
We can view these exchanges as dynamics of 5-branes. The dual description of small in-
stantons are D5-branes on top of D9-branes. In fact, the fixed points can also be regarded as
5-branes. They are localized (5 + 1)-dimensional hypersurface on which the twisted strings are
localized [39, 40], in a similar sense that open strings that are localized on a NS5 or D5-brane.
Moreover, we have seen that Eq. (2) can be regarded as the magnetic equation for the B-field,
in which the instantons and fixed points are all the magnetic sources.
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3.7 Selection rule
We have seen phase transitions that are understood of exchange of 5-branes, in which the
important constraint is the preserved number of 5-branes as in the condition (7). In addition,
this phase transition in orbifold theory takes place in a special form, as in Eq. (48), namely that
should be parameterized by the shift vector. Therefore the transition is further constrained by
a selection rule that we shall see here.
Let us calculate the modification in the zero-point energy of the Z3 vacua. They are described
by shift vectors (19). The instanton number is given in (39)
k = 9K3 + 3n1 + 3n2 = 24− n. (73)
There should be n of heterotic 5-branes subject to global consistency condition (7). We have
supposed that this vacuum is inherited from a perturbative modular invariant theory with
km = 9Km3 + 3n
m
1 + 3n
m
2 = 24, (74)
where the superscripts indicate that the corresponding quantities are those of perturbative the-
ory. The change of each contribution is described as follows,
∆ni = ni − n
m
i , i = 1, 2, ∆K3 = K3 −K
m
3 .
Note that, the change of instanton number is not only due to the change of the components
V1 but also the chirality of twisted sector spectrum. When small instantons get transition into
heterotic 5-branes, both are related. Subtracting them we have
9∆K3 + 3∆n1 + 3∆n2 + n = 0. (75)
In the simplest case where the shift vector is simply decomposed V = V1 + V2 and there is
no overlapping elements, then the change of zero-point energy is obtained from (49)
∆E0 =
1
2
(
−∆n1
(
1
3
)2
−∆n2
(
2
3
)2)
. (76)
We may relate the number n of heterotic 5-branes in (75) and the change ∆E0 of the zero
point energy (76) as follows. In case ∆n1 6= 0 we may eliminate it to have
∆E0 =
n− 9∆K3 − 9∆n2
6N2
, (77)
with N = 3 here. This vacuum should be independent of transition, thus the modified zero
point energy (77) should only be dependent on the number of heterotic 5-branes. It follows
∆n2 +∆K3 = 0. (78)
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We may have this same non-perturbative vacua from another perturbative vacuum with ∆n2 6= 0.
However everything should be same if the transition is commutative. This means that we should
always have
n = −9∆K3 − 3∆n2 − 3∆n1 = −3∆n1 − 12∆n2 (79)
and
∆E0 =
n
6N2
. (80)
regardless of ∆n1 = 0 or not. Thus, the relation (78) provides a selection rule. This is nontrivial
because, for a given shift vector, we cannot expect what kind of twisted fields can be obtained.
In particular, if there is no change in the chirality in the twisted sector ∆K3 = 0, then the
instanton described by entries with n2 > 0 cannot be changed.
This selection rule (78) states that some transition is not possible. For instance, the phase
transition from the perturbative vacuum with V = 13(1
14 02) to a non-perturbative with V2 =
1
3(1
12 04) is not possible. There is no change in ∆n2 thus we need ∆K3 = 0 from the rule (78).
A stringy calculation using V2 shows that we would have a U(12) × SO(8) vacuum with the
twisted sector fields 9(66,1) + 18(1,8s) + 18(1,1) contributing kT = −9 = 9∆K3 6= 0. Note
that we have no way to predict the change and rearrangement of the twisted fields in the field
theory limit so the selection rule is necessary condition. The resulting spectrum is anomalous,
too. The would-be chain involving a non-perturbative vacuum with V = 13(1
10 06) is forbidden.
This also shows that not every model satisfying the modified modular invariance condition (53)
is not a sufficient condition in the non-perturbative vacua. The main reason is the anomaly
contribution of spinorial representations. If we obtained the vacuum from the transition, the
spinor representation cannot be well-branched under the transition (technically it can be seen
from the mass formula in the twisted sector (12). If we have only vector representations in the
twisted sectors, it is likely that we have well-defined non-perturbative vacua.
This selection rule is based on some assumptions. First, assumed that all the fixed points are
equivalent. This may be relaxed if we have Wilson lines. There can be a further complication
due to the possibility of V1 · V2 6= 0. Also we assumed that there is no overlapping components
between V1 and V2; Otherwise the modification of the zero point energy ∆E0 has different
dependence on ∆ni’s. We will come back to this in the example below. Since this selection rule
relates the number of instantons and the shift of zero point energy, it holds valid for E8 × E8
vacua.
4 Connected vacua
The above discussion forces us to conclude that most of the vacua are connected. Chains of
transitions of small instantons, heterotic 5-branes and twisted fields takes one vacuum to another.
All the Z2 and Z3 vacua of both heterotic string theories are shown in Tables 3 through Table
2.
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1
3(0
16)
SO(32) × Sp(24)
1
3 (1
2 014)
U(2)×SO(28)×Sp(18)
1
3 (1
4 012)
U(4) × SO(24)
1
3(2 0
15)
SO(30)
1
3 (1
6 010)
U(6) × SO(20)
1
3(2 1
2 013)
U(3)× SO(26)
1
3(1
2 014)
U(2)× SO(28)
1
3 (1
8 010)
U(8) × SO(16)
1
3(2 1
4 011)
U(5)× SO(22)
1
3 (1
14 02)
U(14) × SO(4)
1
3(2 1
10 03)
U(11) × SO(6)
Figure 2: Connected vacua of SO(32) heterotic string on T 4/Z3 orbifold. Among five perturba-
tive models, bottommost one in each column, three generate chains of connected vacua. Only
the nearest transitions with ∆E0 = ±
1
9 is indicated by solid arrows. Transition for dashed
arrows can be proven using the chain of such transitions.
4.1 Connected vacua of Z3 orbifold
The transition map for the T 4/Z3 orbifold is depicted in Figure 2 for SO(32) and in Figure
3 for E8 × E8. Each heterotic string on this orbifold has five perturbative, modular invariant
vacua. In SO(32) vacua two of them are disconnected and admit no transitions because the
instanton number of the untwisted sector is too large. In these models, we have large spinorial
representations contributing the instanton number kT in the twisted sector. After the transition,
in the presence of heterotic 5-brane, we have large positive shift of the zero point energy, hence
it is difficult to have still the spinorial representation, making transition impossible.
Starting from one, we can go to another by emitting small instantons into heterotic 5-branes.
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We can travel every solid single arrow by transition parameterized by auxiliary shift vector
V2 =
1
3
(0a ± 1 ± 1 0b), a+ b = 14. (81)
We may go directly to any of them by ejecting a multiple of six instantons at the same time.
In particular in SO(24) × U(2) model there is a transition between twisted fields and heterotic
5-branes, whose direction is denoted by horizontal direction. In all of the above transitions, we
have the relation between the shift vector and emitted instanton number
∆E0 = V1 · V2 +
1
2
V 22 =
∆n
6N2
generalizing (80). (For the transition from a mother theory with V = V1 + V2 to a daughter
theory with V1 we have always V1 · V2 = 0.) The reverse transition is possible so the transition
is two way. Note that there can be a direct transition between two vacua even if they are not
directly connected by an arrow. For instance, we have seen that we can go directly from 13(1
8 08)
vacuum to 13(1
2 014) vacuum.
This argument may hold for two vacua with the same instanton numbers. Consider for
example V = 13 (1
4 012) and V1 =
1
3(2 0
15) are horizontally connected by chains of transitions. We
can describe their direct connection using V2 =
1
3 (−1 1 1 1 0
12), giving ∆E0 = V1·V2+
1
2V
2
2 = 0. If
they are directly connected by virtual instanton exchanges, we may expect that the bottommost
two vacua of SO(32), with 13(1
14 02) and 13(2 1
10 03) be connected by transition as well.
When all the 24 small instantons are emitted and become coincident we have the maximal
gauge group Sp(24). The biggest ‘bifundamental’ representation is (32, 48) in the half multiplet.
Note that in this case, the duality between E8 × E8 and SO(32) works, because all the spectra
have one-to-one correspondence. The brainy picture in type I side has been well-studied [34,35,
37].
For the E8 × E8 models, we have two groups of connected vacua. In the E8 case, the shift
vector V = 13(2 0
7)(08) is equivalent to V ′ = 13(1
4 04)(08) by Weyl reflection. Starting from
either vector we can obtain the descendent model with V1 =
1
3 (1
2 06)(08) by respectively shift
vectors V2 =
1
3(1 − 1 0
6)(08) and V ′2 =
1
3 (0 0 1 1 0
4)(08). They all give the same zero point
energy correction ∆E0 = V1 · V2 +
1
2V
2
2 = V
′
1 · V
′
2 +
1
2V
′2
2 .
There are transitions between perturbative vacua, in which small instantons are exchanged
to twisted fields. We have shown this using the chain of dualities.
Note that there is duality between two heterotic string theories. At the tip of the chains
of each string theory, we have the same field contents. So the two heterotic string theories are
dually related.
4.2 Communication between two E8’s
In many cases, the selection rule (78) applies well to supplement the modular invariance con-
dition. For example, transition from V = 13(2 1
4 03)(2 12 05) to V1 =
1
3(2 1
4 03)(12 06) is not
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possible because while ∆n2 = 1 we have ∆K3 = 0. However there are anomalous E8×E8 vacua
even they pass both conditions; The resulting spectrum is anomalous. They are listed in Table
5.
For example, the model V ′1 =
1
3(2 1
4 03)(2 07) is anomalous although the transition from
the vacuum with V seems possible according to the selection rule from ∆K3 = ∆n2 = 0. It
would be anomaly free if some twisted fields are branched from those in the vacuum with V .
The desired representation does not arise in the twisted sector because the modification of the
zero point energy is too large for this representation to satisfy the mass shell condition.
Another example is a seemingly-consistent vacuum with
1
3
(2 12 05)(2 12 05) giving E6 × SU(3)× E6 × SU(3). (82)
It is not anomalous because the unbroken gauge groups are anomaly free. Note that this vacuum
is an intermediate one along the chain of transition from V = 13(2 1
4 03)(2 12 05) to the above
inconsistent vacua, so this may be inconsistent as a string model although it is field theoretically
anomaly free.
One interesting observation is that, except this one with (82), all the non-perturbative vacua
in the presence of heterotic 5-branes contain no charged field under two groups originating from
different E8’s. The above anomalous model, which satisfy the modified modular invariance
condition and pass the selection rules, requires charged field under two groups coming from
different E8’s. This provides a suggestive explanation on the communication problem between
two E8’s, and deserves further study [38]. By emitting small instantons in one E8 and absorbing
them in the other E8, chiralities can be exchanged. Thus these two E8 can be exchanged.
In the strong coupling limit we open up a new interval that separates these two E8’s. The 5-
brane is interpreted as M5-brane if we regard this theory as M-theory compactified on an interval
and after phase transition this can be emitted in the bulk as explained in the introduction.
Therefore M5-branes can be messengers for exchanging chirality between the two E8’s. The
technical reason making sense of this argument is that if we have non-zero number n of heterotic
5-branes, this introduces modification of the zero point energy, which makes hard to satisfy
nontrivial mass shell condition. In this situation, typically it is very difficult to have a charged
state under two groups inherited from different E8’s, which partly justify the above observation.
This would let us to rule out the vacuum (82). It would be also interesting for further study
if this transition should always be involved in communicating two E8’s in the strong coupling
limit of E8 × E8 heterotic string.
5 Discussion
We have studied vacua of heterotic string compactified on T 4/ZN orbifold, with N = 2, 3, in
the presence of heterotic 5-branes. A new understanding comes from phase transition between
small instantons and 5-branes. It does not only explain the spectrum, but also suggest that
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most of vacua of toroidal orbifolds are connected. This hints at the evolution of stringy vacua
in the landscape.
In the presence of heterotic 5-branes, although the theory is non-perturbative, we have
still exactly solvable CFT in the worldsheet. This is because the 5-branes can be obtained by
instanton transition from a perturbative vacuum, which is indeed described by a solvable CFT.
The effect of heterotic 5-brane modifies the zero-point energy [15]. Rather than previous bottom-
up approach, we can derive the modified zero-point energy using phase transition between small
instantons and 5-branes. With this, we derive modified modular invariance condition. This gives
us deeper understanding on the relation between the modular invariance and Bianchi identity.
The most striking feature is the connection between two perturbative vacua, in which some
small instantons are exchanged to twisted sector fields. Although we have used indirect chains
of transitions, it would be interesting to study any direct transition mechanism. This is another
feature that twisted fields behave like open strings whose boundary conditions are described by
heterotic 5-branes. We might have a fuller brainy description for the orbifold fixed points.
We note that some vacua that satisfy the modified modular invariance condition in the
presence of heterotic 5-branes give anomalous spectra. Contrary to the perturbative case, the
modular invariance condition is not the sufficient condition for the consistency. We still do not
know fully sufficient condition for anomaly cancellation in the presence of 5-branes. This is due
to lack of the full understanding on the twisted fields; We do not know how they originate,
e.g. from branching of a larger representation but at best we obtain them from CFT equation.
In the smooth case, Ref. [9] calculated the modular invariance condition for E8 × E8 heterotic
orbifolds including the 5-brane effects, using the topological vertex and the total instanton
number condition is the sufficient condition.
In this paper, we have focused on the transition mechanism and treated every fixed point is
equal. If we have Wilson lines, we may relax the condition. In this way we hope to find a new
territory of vacua that might give rise to the Standard Model. Also we may be able to see more
nontrivial connections among different vacua, even not being shown connected in this paper. It
would also be interesting to study these questions in non-prime orbifolds [41].
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A Decomposition of trace
For the antisymmetric representations of SU(n) we have [12]
trn(n−1)
2
F 4SU(n) = (n− 8)trF
4
SU(n) + 3(trF
2
SU(n))
2, n ≥ 4, (83)
trn(n−1)(n−2)
6
F 4SU(n) =
1
2
(n2 − 17n+ 54)trF 4SU(n) + (3n − 12)(trF
2
SU(n))
2. (84)
We have similar decompositions for the spinorial and antisymmetric of SO(2n)
tr2n−1F
4
SO(2n) = −2
n−5trvF
4
SO(2n) + 3 · 2
n−5(trvF
2)2, (85)
trvF
4
SO(2n) = 2trF
4
SU(n). (86)
The absolute normalization is understood in the branching of vector SO(2n) into fundamental
of SU(n),2n→ n+ n. The coefficients for trF 4 is zero for SU(n) with n = 2, 3 thus the
corresponding groups are anomaly free.
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Shift vector V Untwisted kU
Group
Twisted kT
heterotic 5 localized n
1
3
(016) 2(1; 1) 0
SO(32) × Sp(24)
18(1; 1) 0
1
2
(32;48) 24
1
3
(2 015) (30; 1) + 2(1;1) 3
U(1) × SO(30) × Sp(12)
9(30; 1) + 18(1; 1) 9
1
2
(30;24) 12
1
3
(12 014) (2,28; 1) + 2(1,1;1) 6
U(2) × SO(28) × Sp(18)
9(1,1;1) + 18(1, 1; 1) 0
1
2
(1,28; 36) + (2,1;36) 18
1
3
(12 014) (2,28) + 3(1,1) 6
U(2) × SO(28)
9(2,28) + 63(1, 1) 18
0
1
3
(2 12 013) (3,26;1) + (3,1; 1) + 2(1,1; 1) 9
U(3) × SO(26) × Sp(6)
9(1, 26; 1) + 18(3, 1;1) 9
1
2
(1,26; 12) + (3,1;12) 6
1
3
(14 012) (4,24;1) + (6,1; 1) + 2(1,1; 1) 12
U(4) × SO(24) × Sp(12)
9(6,1;1) + 18(1, 1; 1) 0
1
2
(1,24; 24) + (6,1;24) 12
1
3
(2 14 011) (5,22) + (10, 1) + 2(1,1) 15
U(5) × SO(22)
9(1, 22) + 9(10, 1) + 18(5, 1) 9
0
1
3
(16 010) (6, 20;1) + (15, 1;1) + 2(1,1; 1) 18
U(6) × SO(20) × Sp(6)
9(15, 1; 1) + 18(1, 1;1) 0
1
2
(1,20; 12) + (6,1;12) 6
1
3
(18 08) (8,16) + (28, 1) + 2(1,1) 24
U(8) × SO(16)
9(28, 1) + 18(1, 1) 0
0
1
3
(2 110 05) (11,10) + (55, 1) + 2(1,1) 33
U(11) × SO(10)
9(11, 1) + 9(1,16) −9
0
1
3
(114 02) (14,4) + (91, 1) + 2(1,1) 42
U(14) × SO(4)
9(1,1) + 9(14, 2) + 18(1, 2) −18
0
Table 1: Perturbative (n = 0) and non-perturbative (n 6= 0) vacua of SO(32) string on T 4/Z3
orbifold. The parameters kU, kT, n are respectively instanton numbers in the untwisted and
twisted sectors, and the number of heterotic 5-branes. kU = 3m with the rank of the U(m)
factor group, and kU + kT + n = 24.
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Shift vector V Untwisted (k1, k2)U
Group
Twisted (k1, k2)T
heterotic 5 localized n
1
3
(08)(08) 2(1,1) (0, 0)
E8 × E8
18(1, 1) (0, 0)
24
1
3
(12 06)(08) (56,1) + 3(1, 1) (6, 0)
E7 × U(1)× E8
9(56, 1) + 18(1, 1) (18, 0)
0
1
3
(12 06)(08) (56,1) + 3(1, 1) (6, 0)
E7 × U(1)× E8
27(1, 1) (0, 0)
18
1
3
(2 07)(08) (14,1) + (64,1) + 2(1, 1) (3, 0)
SO(14) × U(1) × E8
9(14, 1) + 18(1, 1) (9, 0)
12
1
3
(08)(2 12 05) (1,27,3) + 3(1, 1) (0, 9)
E8 × E6 × SU(3)
9(1, 27,1) + 18(1, 1,3) (0, 9)
6
1
3
(12 06)(2 07) (56, 1) + (1,14) + (1,64) + 3(1, 1) (6, 3)
E7 × U(1) × SO(14) × U(1)
9(1, 14) + 9(1,1) + 18(1, 1) (0, 9)
6
1
3
(12 06)(2 12 05) (56, 1,1) + (1,27, 3) + 3(1,1) (6, 9)
E7 × U(1) ×E6 × SU(3)
9(1, 27,1) + 18(1, 1,3) (0, 9)
0
1
3
(12 06)(12 06) (56,1) + (1,56) + 4(1, 1) (6, 6)
E7 × U(1)× E7 × U(1)
18(1, 1) + 18(1, 1) (0, 0)
12
1
3
(2 14 03)(08) (84,1) + 2(1, 1) (15, 0)
SU(9)× E8
9(36, 1) + 18(9, 1) (9, 0)
0
1
3
(2 07)(2 07) (14, 1) + (64,1) + (1,14) + (1,64) + 2(1,1) (3, 3)
SO(14) × U(1)× SO(14) × U(1)
9(14, 1) + 9(1,14) + 18(1, 1) (9, 9)
0
1
3
(2 12 05)(2 12 05) (27, 3,1, 1) + (1,1,27, 3) + 2(1,1,1, 1) (9, 9)
E6 × SU(3)× E6 × SU(3)
9(1,3,1, 3) (0, 0)
6
1
3
(2 14 03)(2 12 05) (84,1, 1) + (1,27,3) + 2(1, 1,1) (15, 9)
SU(9) × E6 × SU(3)
9(9,1, 3) (0, 0)
0
Table 2: Perturbative (n = 0) and non-perturbative (n 6= 0) vacua of E8 × E8 heterotic string
on T 4/Z3 orbifold.
31
Shift vector V Untwisted kU
Group
Twisted kT
heterotic 5 localized n
1
2
(016) 2(1;1) 0
SO(32) × Sp(24)
18(1; 1) 0
1
2
(32;48) 24
1
2
(12 014) (4,28) + 2(1, 1) 8
SO(4) × SO(28)
8(2c,28) + 16(2s,1) 16
0
1
2
(12 014) (4,28) + 2(1, 1) 8
SO(4) × SO(28)
8(2c,1) 0
16
1
2
(14 012) (8,24; 1) + 2(1, 1;1) 16
SO(8)× SO(24) × Sp(8)
8(8s,1;1) 0
1
2
(8,1; 16) + 1
2
(1,24; 16) 8
1
2
(16 010) (12, 20) + 4(1, 1) 24
SO(12) × SO(20)
8(32,1) 0
0
1
2
( 1
2
16
) 2(120; 1) + 2(1; 1) 16
U(16) × Sp(8)
16(1; 1) 0
1
2
(32;48) 8
1
2
( 1
2
15
- 3
2
) 2(120) + 4(1) 24
U(16)
16(16) 0
0
Table 3: Perturbative (n = 0) and non-perturbative vacua of SO(32) heterotic string on T 4/Z2
orbifold. kU, kT, n are small instanton number, the number of heterotic 5-branes and the number
of heterotic 5-branes. These are all the inequivalent vacua satisfying the modular invariance
condition up to Weyl reflections.
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Shift vector V Untwisted (k1, k2)U
Group
Twisted (k1, k2)T
heterotic 5 localized n
1
2
(08)(08) 2(1;1) (0,0)
E8 ×E8
8(1;1) (0, 0)
24
1
2
(12 06)(08) (56,2) + 4(1,1) (8, 0)
E7 × SU(2)× E8
8(56, 1) + 16(1, 1) (16, 0)
0
1
2
(12 06)(08) (56,2) + 4(1,1) (8, 0)
E7 × SU(2)× E8
8(56, 1) + 16(1, 1) (0, 0)
16
1
2
(12 06)(12 06) (56, 2,1,1) + (1, 1,56,2) + 2(1, 1,1, 1) (8, 8)
E7 × SU(2) × E7 × SU(2)
8(1, 2,1, 2) (0, 0)
8
1
2
(08)(14 04) (1, 128) + 2(1, 1) (0, 16)
E8 × SO(16)
8(1,16) (0, 0)
8
1
2
(12 06)(14 04) (56,2,1) + (1, 1,128) + 2(1, 1,1) (8, 16)
E7 × SU(2) × SO(16)
8(1,2, 16) + 16(1, 1,1) (0, 0)
0
Table 4: Perturbative (n = 0) and non-perturbative vacua of E8×E8 heterotic string on T
4/Z2
orbifold.
Shift vector V Untwisted (k1, k2)U
Group
Twisted (k1, k2)T
heterotic 5 localized n
1
3
(2 12 05)(2 07) (27,3, 1,1) + (1,1, 14,1) + (1,1, 64,1) + 2(1, 1,1,1) (9, 3)
E6 × SU(3) × SO(14) × U(1)
9(1,3,1, 1) (0, 0)
12
1
3
(2 14 03)(2 07) (84, 1) + (1,14) + (1,64) + 2(1, 1) (15, 3)
SU(9) × SO(14) × U(1)
9(9,1) (0, 0)
6
1
3
(2 12 05)(2 12 05) (27,3,1, 1) + (1,1,27, 3) + 2(1,1,1, 1) (9, 9)
E6 × SU(3) × E6 × SU(3)
9(1,3,1, 3) (0, 0)
6
Table 5: (Possibly) anomalous vacua of E8×E8 heterotic string on T
4/Z3 orbifold, but passing
the selection rule.
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1
3(0
8)(08)
E8 × E8
1
3 (1
2 06)(08)
E7 × U(1) × E7 × U(1)
1
3(1
2 06)(08)
E7 × U(1)× E8
1
3(1
2 06)(12 06)
SO(14) × U(1)× E8
1
3(2 0
7)(08)
SO(14) × U(1)× E8
1
3 (2 0
7)(12 06)
SO(14) × U(1)× E7 ×
U(1)
1
3(2 1
2 05)(08)
E6 × SU(3) ×E8
1
3 (2 0
7)(2 07)
SO(14) × U(1)×
SO(14)× U(1)
1
3(2 1
2 05)(12 06)
SU(9)× E7 × U(1)
1
3(2 1
4 03)(08)
SU(9) × E8
1
3 (2 1
2 05)(2 12 05)
E6×SU(3)×E6×SU(3)
1
3 (2 1
4 03)(2 12 05)
SU(9)× E6 × SU(3)
Figure 3: Connected vacua of E8 × E8 heterotic string on T
4/Z3 orbifold. Among five pertur-
bative models, bottommost one in each column, three generate chains of connected vacua.
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